Chapter 10: Hypothesis Testing

10.1

10.2

10.3

10.4

10.5

See Definition 10.1.

Note that Y is binomial with parameters n = 20 and p.

a.

d.
e.

If the experimenter concludes that less than 80% of insomniacs respond to the drug
when actually the drug induces sleep in 80% of insomniacs, a type I error has
occurred.

a = P(reject Hy | Ho true) = P(Y <12 | p=.8) =.032 (using Appendix III).

If the experimenter does not reject the hypothesis that 80% of insomniacs respond to
the drug when actually the drug induces sleep in fewer than 80% of insomniacs, a
type II error has occurred.

B(.6) = P(fail to reject Hy | Hatrue) =P(Y > 12 |p=.6)=1-P(Y <12 | p=.6) = .416.
B(.4) = P(fail to reject Hy | Ha true) = P(Y > 12 | p = .4) = .021.

a. Using the Binomial Table, P(Y <11 |p=.8)=.011,soc=11.
b. B(.6) = P(fail to reject Hy | Ha true) =P(Y > 11 | p=.6)=1-P(Y <11 | p=.6) =.596.
C. B(.4) = P(fail to reject Hy | Ha true) = P(Y > 11 | p=.4) = .057.

The parameter p = proportion of ledger sheets with errors.

a.

b.

o

If it is concluded that the proportion of ledger sheets with errors is larger than .05,
when actually the proportion is equal to .05, a type I error occurred.
By the proposed scheme, Hy will be rejected under the following scenarios (let E =
error, N = no error):

Sheet 1 Sheet2 Sheet3

mmzZ2Z2
mzmZ

N
N
N

With p = .05, a = P(NN) + P(NEN) + P(ENN) + P(EEN) = (.95)> + 2(.05)(.95)* +
(.05)*(.95) = .995125.
If it is concluded that p = .05, but in fact p > .05, a type II error occurred.

B(pa) = P(fail to reject Hy | Ha true) = P(EEE, NEE, or ENE | pa) = 2p;(1— p,)+ p..

Under Hy, Y; and Y; are uniform on the interval (0, 1). From Example 6.3, the
distribution of U=Y; + Y, is

) = u 0<u<l
g l2-u 1<ux<?2

Test 1: P(Y; >.95)=.05=oq.
2
Test2: a=.05=P(U>c)= I(Z —u)du =2 =2c+.5¢%. Solving the quadratic gives

the plausible solution of ¢ = 1.684.
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10.6

10.7

10.8

10.9

10.10

10.11

10.12

10.13

The test statistic Y is binomial with n = 36.

a. a=P(reject Hy | Ho true) =P([Y = 18| >4 | p=.5)=P(Y < 14) + P(Y > 22) = .243.

b. B =P(fail to reject Hy | Ha true) = P(JY — 18| <3 | p=.7)=P(15<Y <21|p=.7)=
.09155.

a. False, Hy is not a statement involving a random quantity.
b. False, for the same reason as part a.

C. True.

d. True.

e. False, this is given by a.
f. i. True.

ii. True.
iii. False, B and a behave inversely to each other.

Let Y, and Y; have binomial distributions with parameters n = 15 and p.
a. a=P(reject Hy in stage 1 | Hy true) + P(reject Hy in stage 2 | Hy true)

=P, 24)+P(Y,+Y, 26,Y, <3)=P(Y, Z4)+Zi3:0 P, +Y,>6,Y, <i)

=P, >24)+ Z::O P, >6—-1)P(Y, <i) =.0989 (calculated with p =.10).
Using R, this is found by:

> 1 - pbinom(3,15, .1)+sum((1-pbinom(5-0:3,15, .1))*dbinom(0:3,15, .1))
[1] 0.0988643

b. Similar to part a with p=.3: a =.9321.
c. P =P(fail to reject Ho | p=.3)

3 . 3 . .
=D P, =i Y, +Y, <5) =" P(Y, =5-1)P(Y, =i) =.0679.

a. The simulation is performed with a known p = .5, so rejecting Hy is a type I error.
b.-e. Answers vary.

f. This is because of part a.

g.-h. Answers vary.

a. An error is the rejection of Hy (type I).

b. Here, the error is failing to reject Hy (type II).

C. Hy is rejected more frequently the further the true value of p is from .5.
d. Similar to part C.

a. The error is failing to reject Hy (type II).
b.-d. Answers vary.

Since B and a behave inversely to each other, the simulated value for B should be smaller
for a = .10 than for a = .05.

The simulated values of § and a should be closer to the nominal levels specified in the
simulation.
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a. The smallest value for the test statistic is —.75. Therefore, since the RR is {z <—.84},
the null hypothesis will never be rejected. The value of n is far too small for this large—
sample test.

b. Answers vary.

C. Ho is rejected when p =0.00. P(Y=0]|p=.1)=.349 > .20.

d. Answers vary, but n should be large enough.

a. Answers vary.
b. Answers vary.

a. Incorrect decision (type I error).
b. Answers vary.
c. The simulated rejection (error) rate is .000, not close to a = .05.

a. Ho: i = w2, Ha: i > o

b. Reject if Z > 2.326, where Z is given in Example 10.7 (Do = 0).

c.z=.075.

d. Fail to reject Hyp — not enough evidence to conclude the mean distance for breaststroke
is larger than individual medley.

e. The sample variances used in the test statistic were too large to be able to detect a
difference.

Ho: p=13.20, Ha: p < 13.20. Using the large sample test for a mean, z = -2.53, and with
a=.01,-z9 =-2.326. So, Hy is rejected: there is evidence that the company is paying
substandard wages.

Ho: n =130, Ha: p < 130. Using the large sample test for a mean, z = % =—4.22 and

with —z s =—1.645, Hy is rejected: there is evidence that the mean output voltage is less
than 130.

Ho: n> 64, Ha: p < 64. Using the large sample test for a mean, z=-1.77, and w/ a = .01,
—Z01 =-2.326. So, Hy is not rejected: there is not enough evidence to conclude the
manufacturer’s claim is false.

Using the large—sample test for two means, we obtain z = 3.65. With a = .01, the test
rejects if |z] > 2.576. So, we can reject the hypothesis that the soils have equal mean
shear strengths.

a. The mean pretest scores should probably be equal, so letting p; and p, denote the mean
pretest scores for the two groups, Ho: 1 = o, Ha: p # .

b. This is a two—tailed alternative: reject if |z| > Zy,.

c. With a =.01, z9os = 2.576. The computed test statistic is z = 1.675, so we fail to reject
Ho: we cannot conclude the there is a difference in the pretest mean scores.



204

Chapter 10: Hypothesis Testing

Instructor’s Solutions Manual

10.23

10.24

10.25

10.26

10.27

10.28

a.-b. Let p; and p, denote the mean distances. Since there is no prior knowledge, we will
perform the test Hy: p; — p2 = 0 vs. Ha: wy — pp # 0, which is a two—tailed test.

. The computed test statistic is z = —.954, which does not lead to a rejection with o = .10:
there is not enough evidence to conclude the mean distances are different.

Let p = proportion of overweight children and adolescents. Then, Hy: p =.15, Ha: p <.15
and the computed large sample test statistic for a proportion is Z=—.56. This does not
lead to a rejection at the o = .05 level.

Let p = proportion of adults who always vote in presidential elections. Then, Hy: p = .67,
Ha: p # .67 and the large sample test statistic for a proportion is [z| = 1.105. With Z o5 =
2.576, the null hypothesis cannot be rejected: there is not enough evidence to conclude
the reported percentage is false.

Let p = proportion of Americans with brown eyes. Then, Hy: p = .45, Ha: p # .45 and the
large sample test statistic for a proportion is z =—.90. We fail to reject Ho.

Define: p; = proportion of English—fluent Riverside students
p> = proportion of English—fluent Palm Springs students.
To test Hy: p1 — p2 = 0, versus Ha: p1 — p2 # 0, we can use the large—sample test statistic
7 = &
However, this depends on the (unknown) values p; and p,. Under Hy, p1 =p>=p (i.e.
they are samples from the same binomial distribution), so we can “pool” the samples to
estimate p:

p :n1p1+n2p2:Yl+Y2
b .
n +n, n +n,

So, the test statistic becomes
Polsa +5;

Here, the value of the test statistic is Z=—.1202, so a significant difference cannot be
supported.

a. (Similar to 10.27) Using the large—sample test derived in Ex. 10.27, the computed test
statistic is Z =—2.254. Using a two—sided alternative, Z yos = 1.96 and since |z| > 1.96, we
can conclude there is a significant difference between the proportions.

b. Advertisers should consider targeting females.
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Note that color A is preferred over B and C if it has the highest probability of being
purchased. Thus, let p = probability customer selects color A. To determine if A is
preferred, consider the test Hy: p = 1/3, Ha: p> 1/3. With p =400/1000 = .4, the test
statistic is Z =4.472. This rejects Hy with o = .01, so we can safely conclude that color A
is preferred (note that it was assumed that “the first 1000 washers sold” is a random
sample).

Let p = sample percentage preferring the product. With a = .05, we reject Hy if
p-—.2

J-2(:8)/100

Solving for p, the solutionis p <.1342.

<-1.645.

The assumptions are: (1) a random sample (2) a (limiting) normal distribution for the
pivotal quantity (3) known population variance (or sample estimate can be used for large

n).

Let p = proportion of U.S. adults who feel the environment quality is fair or poor. To test
Ho: p=.50 vs. Ha: p > 50, we have that p = .54 so the large—sample test statistic is Z =
2.605 and with zys = 1.645, we reject Hp and conclude that there is sufficient evidence to
conclude that a majority of the nation’s adults think the quality of the environment is fair
Or poor.

(Similar to Ex. 10.27) Define:
p1 = proportion of Republicans strongly in favor of the death penalty
p2 = proportion of Democrats strongly in favor of the death penalty

To test Hp: p1 — p2 = 0 vs. Ha: p1 — p2 > 0, we can use the large—sample test derived in Ex.
10.27 with p, =.23, p, =.17, and f)p =.20. Thus, z=1.50 and for zos = 1.645, we fail

to reject Hy: there is not enough evidence to support the researcher’s belief.

Let p = mean length of stay in hospitals. Then, for Hy: p =5, Ha: p> 5, the large sample
test statistic is z = 2.89. With o = .05, zs = 1.645 so we can reject Hy and support the
agency’s hypothesis.

(Similar to Ex. 10.27) Define:

p1 = proportion of currently working homeless men

p> = proportion of currently working domiciled men
The hypotheses of interest are Hy: p; — p2 = 0, Ha: p1 — p2 <0, and we can use the large—
sample test derived in Ex. 10.27 with p, =.30, p, =.38, and p, =.355. Thus,z=-1.48

and for —z o) =-2.326, we fail to reject Hy: there is not enough evidence to support the
claim that the proportion of working homeless men is less than the proportion of working
domiciled men.

(similar to Ex. 10.27) Define:
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p; = proportion favoring complete protection

p2 = proportion desiring destruction of nuisance alligators
Using the large—sample test for Hy: p; — p2 = 0 versus Ha: p;y — p2 #0, Z=—4.88. This
value leads to a rejections at the oo = .01 level so we conclude that there is a difference.

10.37 With Ho: p = 130, this is rejected if 2 =212 < —1.645, or if § <130 —16Be =129.45. If

o/
n=128, then B = P(Y >129.45 |y = 128) = P(Z > 1245128 — p(Z > 4.37) = .0000317.
10.38 With Hy: p > 64, this is rejected if z = y/ji <=2.326,0rif y <6423 =61.36. Ifp=
60, then B =P(Y >61.36 p=60)=P(Z > £16:60) = P(Z > 1.2) = .1151.

10.39 In Ex. 10.30, we found the rejection region to be: { p <.1342}. For p =.15, the type II
error rate is = P(p >.1342| p=.15)=P(Z > %): P(Z > —.4424) = .6700.

10.40 Refer to Ex. 10.33. The null and alternative tests were Ho: p; — P2 =0 vs. Ha: p1 —p2 > 0.
We must find a common sample size n such that a = P(reject Hy | Hp true) = .05 and B =
P(fail to reject Hy | Ha true) <.20. For a = .05, we use the test statistic

Z: pl_pZ_

PP -0
[ PG Pal
Reject Ho if: P, — p, >1.645,/ 2L B

For B, we fix it at the largest acceptable value so P(p, — p,<c|pi—p2=.1)=.20 for
some C, or simply

p—p,—.1
Fail to reject Ho if: Sl Bk —.84, where —.84 = 75.
e

Let P, — P, =1.645,20 + 2% and substitute this in the above statement to obtain

1.645,/B0 1 B _ 1 1
84 = —1.645———=— orsimply 2.485 = ——
%_’_% p:’]q] + pzn% ,plql + pz‘]z

Using the hint, we set p; = p, = .5 as a “worse case scenario” and find that

2.485 = —1
1/.5(.5)|%+%|

The solution is n = 308.76, so the common sample size for the researcher’s test should be
n=309.

such that we reject Hy if Z >z s = 1.645. In other words,

10.41 Refer to Ex. 10.34. The rejection region, written in terms of Y, is

A > 1.645{ < {y > 5.228}.

Then, p=P(y <5228 | p=5.5)= P(Z <3253 ) = p(Z < 1.96) = .025.
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10.42 Using the sample size formula given in this section, we have
=000 607,37,
(Ha=Ho)
so a sample size of 608 will provide the desired levels.

10.43 Let p; and p, denote the mean dexterity scores for those students who did and did not
(respectively) participate in sports.
a. For Ho: iy — o =0 vs. Ha: py — pp > 0 with o = .05, the rejection region is {z > 1.645}
and the computed test statistic is
. 32.19-31.68

(434)% | (4.56)°
37 37

Thus Hy is not rejected: there is insufficient evidence to indicate the mean dexterity
score for students participating in sports is larger.

49.

b. The rejection region, written in terms of the sample means, is

Y, =Y, > 1,645,830 4 G507 1 702,

Then, B =P(Y, -V, <1.702 |, —p, =3) = P[Z < 822 )= P(Z < -1.25) =.1056.

10.44 We requirea. = P(Y, =Y, >c|p, —n, =0) = P(Z > —0 j, so that z, = on_ - Also,

1\ cf+0§”n dof+c§.
B=P(Y,-Y,<clu,—u,=3)= P(Z S%}, so that —z, =%. By eliminating c

. . 2, 2 2, 2 .
in these two expressions, we have z,+/77% =3 —2,4/7 . Solving for n, we have

n= 2(1.645)2[(4.3324)2+(4<56)2] —47.66.
A sample size of 48 will provide the required levels of a and .

10.45 The 99% Clis 1.65—1.43%2.576,/29° 4 2% — 22+ 155 or (.065,.375). Since the

interval does not contain 0, the null hypothesis should be rejected (same conclusion as
Ex. 10.21).

6-9,

Gy
side is the 100(1 — )% lower confidence bound for 6.

10.46 The rejection region is >, , which is equivalent to 6, < 0- 2,6, The left-hand

10.47 (Refer to Ex. 10.32) The 95% lower confidence bound is .54 —1.645,/229) — 5148,

1060
Since the value p = .50 is less than this lower bound, it does not represent a plausible
value for p. This is equivalent to stating that the hypothesis Hy: p = .50 should be
rejected.
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10.48

10.49

10.50

10.51

10.52

10.53

10.54

0-0

Gy

0, > 0+ 2,6, The left-hand side is the 100(1 — )% upper confidence bound for 6.

(Similar to Ex. 10.46) The rejection region is ¢ < -z, which is equivalent to

(Refer to Ex. 10.19) The upper bound is 128.6+1.645(2L ) = 129.146. Since this bound

is less than the hypothesized value of 130, Hy should be rejected as in Ex. 10.19.

Let p = mean occupancy rate. To test Hyp: n> .6, Ha: 1 < .6, the computed test statistic is

Z= A1'15/8J_i670 =—1.99. The p—value is given by P(Z <—-1.99) =.0233. Since this is less

than the significance level of .10, Hy is rejected.

To test Ho: py — o = 0 vs. Ha: g — po # 0, where py, p, represent the two mean reading
test scores for the two methods, the computed test statistic is

Z:M:I.S&

The p—value is given by P(|Z [>1.58) =2P(Z >1.58) =.1142, and since this is larger
than o = .05, we fail to reject Hy.

The null and alternative hypotheses are Ho: p; — p2 = 0 vs. Ha: p; — p2 > 0, where p; and
p2 correspond to normal cell rates for cells treated with .6 and .7 (respectively)
concentrations of actinomycin D.

a. Using the sample proportions .786 and .329, the test statistic is (refer to Ex. 10.27)

7= 180752 _ 5443 The pvalueis PZ > 5.443) = 0.

{J(.557)(.443) %
b. Since the p—value is less than .05, we can reject Hy and conclude that the normal cell
rate is lower for cells exposed to the higher actinomycin D concentration.

a. The hypothesis of interest is Ho: p; = 3.8, Ha: 1 < 3.8, where 1, represents the mean
drop in FVC for men on the physical fitness program. With z =-996, we have p—value
=P(Z<-1)=.1587.

b. With a = .05, H, cannot be rejected.

c. Similarly, we have Hy: o = 3.1, Ha: pp <3.1. The computed test statistic is z =—1.826
so that the p—value is P(Z <-1.83) = .0336.

d. Since o = .05 is greater than the p—value, we can reject the null hypothesis and
conclude that the mean drop in FVC for women is less than 3.1.

a. The hypotheses are Hy: p = .85, Ha: p > .85, where p = proportion of right-handed
executives of large corporations. The computed test statistic is z = 5.34, and with a = .01,
Zo1 =2.326. So, we reject Hp and conclude that the proportion of right-handed
executives at large corporations is greater than 85%
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b. Since p—value = P(Z > 5.34) <.000001, we can safely reject H, for any significance
level of .000001 or more. This represents strong evidence against Hy.

10.55 To test Hp: p=.05, Ha: p <.05, with p =45/1124 = .040, the computed test statistic is z
=—1.538. Thus, p—value = P(Z <-1.538) =.0616 and we fail to reject Hy, with a = .01.
There is not enough evidence to conclude that the proportion of bad checks has decreased
from 5%.

10.56 To test Ho: iy — pp = 0 vs. Ha: py — po > 0, where y, o represent the two mean recovery
times for treatments {no supplement} and {500 mg Vitamin C}, respectively. The

computed test statistic is z = ﬁ =2.074. Thus, p—value = P(Z > 2.074) =

.0192 and so the company can reject the null hypothesis at the .05 significance level
conclude the Vitamin C reduces the mean recovery times.

10.57 Let p = proportion who renew. Then, the hypotheses are Hy: p = .60, Ha: p #.60. The
sample proportion is p = 108/200 = .54, and so the computed test statistic is z=—1.732.

The p—value is given by 2P(Z <—-1.732) = .0836.

10.58 The null and alternative hypotheses are Hy: p; — p2 = 0 vs. Ha: p; — p2 > 0, where p; and
p2 correspond to, respectively, the proportions associated with groups A and B. Using
the test statistic from Ex. 10.27, its computed value is z = % =2.858. Thus, p—value

-6(4)5;

=P(Z>2.858)=.0021. With a =.05, we reject HO and conclude that a greater fraction
feel that a female model used in an ad increases the perceived cost of the automobile.

10.59 a.-d. Answers vary.
10.60 a.-d. Answers vary.

10.61 If the sample size is small, the test is only appropriate if the random sample was selected
from a normal population. Furthermore, if the population is not normal and ¢ is
unknown, the estimate S should only be used when the sample size is large.

10.62 For the test statistic to follow a t—distribution, the random sample should be drawn from a
normal population. However, the test does work satisfactorily for similar populations
that possess mound—shaped distributions.

10.63 The sample statistics are § = 795, s = 8.337.
a. The hypotheses to be tested are Hy: p = 800, Ha: p < 800, and the computed test
statisticis t = —==% = _134]. With5-1=4 degrees of freedom, —t s =—2.132 so

T 8337/45
we fail to reject Hp and conclude that there is not enough evidence to conclude that
the process has a lower mean yield.
b. From Table 5, we find that p—value > .10 since —t ;o =—1.533.
c. Using the Applet, p—value = .1255.
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10.64

10.65

10.66

10.67

10.68

10.69

d.

The conclusion is the same.

The hypotheses to be tested are Hp: p =7, Ha: p # 7, where p = mean beverage volume.

a.

b.
C.

The computed test statistic is t = - = 2.64 and with 10 1 =9 degrees of

freedom, we find that t g5 = 2.262. So the null hypothesis could be rejected if a = .05
(recall that this is a two—tailed test).

Using the Applet, 2P(T > 2.64) = 2(.01346) = .02692.

Reject Hy.

The sample statistics are y =39.556,s=7.138.

a.

To test Hy: =45, Ha: p <45, where 1 = mean cost, the computed test statistic is t =
—3.24. With 18 — 1 = 17 degrees of freedom, we find that —t oos = —2.898, so the p—
value must be less than .005.

Using the Applet, P(T <-3.24) =.00241.

Since t s = 2.110, the 95% Cl is 39.556 + 2.11(%) or (36.006, 43.106).

The sample statistics are Y = 89.855, s = 14.904.

a.

b.
C.

To test Hp: p =100, Ha: n < 100, where u = mean DL reading for current smokers, the
computed test statistic is t =—3.05. With 20 — 1 = 19 degrees of freedom, we find that
—to1 =-2.539, so we reject Hy and conclude that the mean DL reading is less than
100.

Using Appendix 5, —toos =—2.861, so p—value < .005.

Using the Applet, P(T <-3.05) =.00329.

Let p = mean calorie content. Then, we require Hy: p =280, Ha: > 280.

a.

The computed test statistic is t = 2= =4.568. With 10 —1 =9 degrees of freedom,

tor = 2.821 so Hy can be rejected: it is apparent that the mean calorie content is
greater than advertised.
The 99% lower confidence bound is 358 — 2.821% =309.83 cal.

Since the value 280 is below the lower confidence bound, it is unlikely that p = 280
(same conclusion).

The random samples are drawn independently from two normal populations with
common variance.

The hypotheses are Ho: 1 — o = 0 vs. Ha: iy — o # 0.

a.

The computed test statistic is, where s, = 2200 = 62.74, is given by

t=—60 - 57
62.74(%+%j
I. With 11 + 14 — 2 =23 degrees of freedom, —t 1o =—-1.319 and -t os =—1.714.

Thus, since we have a two—sided alternative, .10 < p—value < .20.
ii. Using the Applet, 2P(T <-1.57) = 2(.06504) = .13008.
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b. We assumed that the two samples were selected independently from normal
populations with common variance.
c. Fail to reject Hy.

a. The hypotheses are Ho: 11 — p = 0 vs. Ha: i — o > 0. The computed test statistic is t =
2.97 (here, sé =.0001444 ). With 21 degrees of freedom, tys = 1.721 so we reject Hy.

b. For this problem, the hypotheses are Ho: p; — po = .01 vs. Ha: iy — 2 > .01. Then,
t = (20200 — 989 and p-value >.10. Using the Applet, P(T > .989) = .16696.

=t
9 12

a. The summary statistics are: y, = 97.856, s} =.3403, y, = 98.489, s =.3011. To

test: Ho: pp — p2 =0 vs. Ha: py — pp # 0, t=-2.3724 with 16 degrees of freedom. We have
that —t o, =—2.583, —tpo5 =—2.12, s0 .02 < p—value < .05.

b. Using the Applet, 2P(T <-2.3724) = 2(.01527) = .03054.

R output:
> t.test(temp~sex,var.equal=T)

Two Sample t-test

data: temp by sex
t = -2.3724, df = 16, p-value = 0.03055
alternative hypothesis: true difference in means is not equal to O
95 percent confidence interval:
-1.19925448 -0.06741219
sample estimates:
mean in group 1 mean in group 2
97 .85556 98.48889

To test: Ho: iy — 2 =0 vs. Ha: g — o # 0, t =1.655 with 38 degrees of freedom. Since
we have that o = .05, t g5 = Z,025 = 1.96 so fail to reject Hy and p—value = 2P(T > 1.655) =
2(.05308) = .10616.

a. To test: Ho: i — o =0 vs. Ha: iy — o # 0, t=1.92 with 18 degrees of freedom. Since
we have that o = .05, tgs = 2.101 so fail to reject Hy and p—value = 2P(T > 1.92) =
2(.03542) = .07084.

b. To test: Ho: 1 — o =0 vs. Ha: g — o # 0, t = .365 with 18 degrees of freedom. Since
we have that o = .05, tgs = 2.101 so fail to reject Hy and p—value = 2P(T > .365) =
2(.35968) = .71936.

The hypotheses are Hy: 1= 6 vs. Ha: 1 < 6 and the computed test statistic is t = 1.62 with
11 degrees of freedom (note that here ¥ =9, so Hy could never be rejected). With a =

.05, the critical value is —t s = —1.796 so fail to reject Hy.
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10.75

10.76

10.77

Define i1 = mean trap weight. The sample statistics are 'y =28.935,s=9.507. To test
Ho: u=30.31 vs. Ha: £ <30.31, t =—.647 with 19 degrees of freedom. With a = .05, the
critical value is —t o5 = —1.729 so fail to reject Hy: we cannot conclude that the mean trap

weight has decreased. R output:
> t.test(lobster,mu=30.31, alt="less")

One Sample t-test

data: lobster
t = -0.6468, df = 19, p-value = 0.2628
alternative hypothesis: true mean is less than 30.31
95 percent confidence interval:
-Inf 32.61098

a. To test Ho: iy — o = 0 vs. Ha: iy — o > 0, where , pp represent mean plaque
measurements for the control and antiplaque groups, respectively.

b. The pooled sample variance is s = SR — 1024 and the computed test statistic

ist=-12=18_ =72 806 with 12 degrees of freedom. Since o =.05, tos =1.782 and Hy is
,1024(%)

rejected: there is evidence that the antiplaque rinse reduces the mean plaque

measurement.

c. With ty; =2.681 and t o5 = 3.005, .005 < p—value < .01 (exact: .00793).

a. To test: Ho: iy — o = 0 vs. Ha: py — wo # 0, where py, 1, are the mean verbal SAT
scores for students intending to major in engineering and language (respectively), the

pooled sample variance is S, = 1427414657 _ 1894 5 and the computed test statistic is

t= 44"—5[342] =—5.54 with 28 degrees of freedom. Since —t o5 =—2.763, we can reject H
1894.5 —
15

and p—value <.01 (exact: 6.35375e-06).
b. Yes, the CI approach agrees.

c. To test: Ho: iy — pp = 0 vs. Ha: g — pp # 0, where p, p, are the mean math SAT scores
for students intending to major in engineering and language (respectively), the pooled

. . 2 2 . . .
sample variance is s} = “CP52C2- = 2976.5 and the computed test statistic is

t= L}”z) =1.56 with 28 degrees of freedom. From Table 5, .10 < p—value < .20
2976.5| —
15

(exact: 0.1299926).

d. Yes, the CI approach agrees.
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a. We can find P(Y > 1000) = P(Z > 1%9-80) = P(Z > 5) = 0, so it is very unlikely that the
force is greater than 1000 Ibs.

b. Since n = 40, the large—sample test for a mean can be used: Hy: p= 800 vs. Ha: p > 800

and the test statistic is z = jj;% =3.262. With p—value = P(Z > 3.262) < .00135, we

reject H.

c. Note that ifo 40, 6> = 1600. To test: Ho: 6° = 1600 vs. Ha: 6> > 1600. The test

_39(2350) __

statistic is x> =322 = 57.281. With 40 — 1 = 39 degrees of freedom (approximated

with 40 degrees of freedom in Table 6), ¥ 5; = 55.7585. So, we can reject Hp and
conclude there is sufficient evidence that ¢ exceeds 40.

7(018) _

a. The hypotheses are: Ho: 6° = .01 vs. Ha: 6° > .01. The test statistic is 3 =

12.6 with 7 degrees of freedom. With a.= .05, x5 = 14.07 so we fail to reject Ho. We
must assume the random sample of carton weights were drawn from a normal population.

b. i. Using Table 6, .05 < p—value < .10.
ii. Using the Applet, P(x* > 12.6) = .08248.

The two random samples must be independently drawn from normal populations.

For this exercise, refer to Ex. 8.125.
a. The rejection region is {Sf/S2 > FVV‘W2 { /S2 FVZW2 } If the reciprocal is

v

taken in the second inequality, we have S / S’ > Fvv'a /-
b. P(SZ/SZ>F),,)=P(s?/S2>F), ,)+P(S:/S?>F", ,)=a,by parta.
a. Let o7, o> denote the variances for compartment pressure for resting runners and
cyclists, respectively. To test Ho:6; = o3 vs. Ha: 67 # G5, the computed test statistic is
F =(3.98)%/(3.92)> = 1.03. With a=.05, F,,; =4.03 and we fail to reject Ho.

b. i. From Table 7, p—value > .1.
ii. Using the Applet, 2P(F > 1.03) = 2(.4828) = .9656.

c. Let 67, o3 denote the population variances for compartment pressure for 80%
maximal O, consumption for runners and cyclists, respectively. To test Ho: 67 = o3 vs.

Ha:o? # o3, the computed test statistic is F = (16.9)%/(4.67)* = 13.096 and we reject Ho:
the is sufficient evidence to claim a difference in variability.

d. i. From Table 7, p—value < .005.
ii. Using the Applet, 2P(F > 13.096) = 2(.00036) = .00072.
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10.83

10.84

10.85

10.86

10.87

10.88

a. The manager of the dairy is concerned with determining if there is a difference in the
two variances, so a two—sided alternative should be used.

b. The salesman for company A would prefer Ha: 67 < o3, since if this hypothesis is

accepted, the manager would choose company A’s machine (since it has a smaller
variance).

c. For similar logic used in part b, the salesman for company B would prefer H,: 67 > o3.

Let 67, o3 denote the variances for measurements corresponding to 95% ethanol and

20% bleach, respectively. The desired hypothesis test is Ho:6; = 63 vs. Ha: 67 # o5 and

the computed test statistic is F = (2.78095/.17143) = 16.222.

a. 1. With 14 numerator and 14 denominator degrees of freedom, we can approximate
the critical value in Table 7 by F;’ s =4.25, so p-value <.01 (two—tailed test).

i1. Using the Applet, 2P(F > 16.222) = 0.
b. We would reject Hy and conclude the variances are different.

Since (.7)* = .49, the hypotheses are: Hy: 6> = .49 vs. Ha: 6° > .49. The sample variance
s* =3.667 so the computed test statistic is y° = % = 22.45 with 3 degrees of freedom.

Since y5, = 12.831, p—value < .005 (exact: .00010).

The hypotheses are: Ho: 6 = 100 vs. Ha: > > 100. The computed test statistic is
x> =200 = 2736, Witho=.01, %5, =36.1908 so we fail to reject Ho: there is not

100
enough evidence to conclude the variability for the new test is higher than the standard.

Refer to Ex. 10.87. Here, the test statistic is (.017)%/(.006)> = 8.03 and the critical value
is FI;,OS = 2.80. Thus, we can support the claim that the variance in measurements of

DDT levels for juveniles is greater than it is for nestlings.

Refer to Ex. 10.2. Table 1 in Appendix III is used to find the binomial probabilities.
a. power(4)=P(Y<12|p=.4)=.979. b. power(.5)=P(Y<12|p=.5)=.86
c. power(.6)=P(Y<12|p=.6)=.584. d. power(.7)=P(Y<12|p=.7)=.228
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e. The power function is above.

10.89 Refer to Ex. 10.5: Y, ~ Unif(0, 6 + 1).
a. 0=.1,50Y, ~Unif(.1, 1.1) and power(.1) = P(Y, > .95) = j;';dy =15

b. 0= .4:power(.4)=P(Y>.95)= 45
c. 0=.7:power(.7)=P(Y>.95)=.75
d. 6=1:power(l)=P(Y>.95)=1

1.0

0.6 0.8
1

power

0.4
1

0.2

e. The power function is above.

10.90 Following Ex. 10.5, the distribution function for Test 2, where U =Y + Y, is
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0 u<o
FL ()= Su’ OSUSI.
2u-.5u" -1 1<u<?2
1 u>2

The test rejects when U > 1.684. The power function is given by:
power(0) = P, (Y, +Y, >1.684)=P(Y, +Y, —20>1.684 — 20)
=P(U >1.684-20) =1 — Fy(1.684 — 260).
a. power(.1)=1-Fy(1.483)=.133 power(.4) =1 - Fy(.884) =.609
power(.7) =1 —Fy(.284) =.960 power(l)=1-Fy(-316)=1.

0.6 0.8 1.0
1 1

power

0.4

0.0 0.2 0.4 0.6 0.8 10

b. The power function is above.
c. Test2 is a more powerful test.

10.91 Refer to Example 10.23 in the text. The hypotheses are Hp: p=7 vs. Ha: p> 7.
a. The uniformly most powerful test is identically the Z—test from Section 10.3. The

rejection region is: reject if Z = J% > 705 = 1.645, or equivalently, reject if
Y >1.645.25+7=7.82.
b. The power function is: power(p) = P(Y >7.82|n) = P(Z > z/%) Thus:
power(7.5) = P(Y >7.82|7.5) =P(Z> .64) = .2611.
power(8.0) = P(Y >7.82(8.0) = P(Z>—.36) = .6406.
power(8.5) = P(Y >7.82/8.5) =P(Z>-1.36)=.9131
power(9.0) = P(Y >7.82]9.0) = P(Z>-2.36) = .9909.
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1.0

0.6
I

power

0.4

0.2

c. The power function is above.

10.92 Following Ex. 10.91, we require power(8) = P(Y >7.82|8) = P(Z > 282 ) = 80. Thus,

J5/n
%%8 =730 =—84. The solution is n = 108.89, or 109 observations must be taken.

(1.96+1.96)*(25) _

10.93 Using the sample size formula from the end of Section 10.4, we have n = (1025)?

15.3664, so 16 observations should be taken.

10.94 The most powerful test for Hy: o= 0(2) vs. Ha: o’ = 612, 012 > 6(2), 1s based on the

likelihood ratio:
L(G(Z)) G, ) 012 _ Gé ] i
Lo o) TN° i Wi~ <k.
L(Gf) o, P 205012 Z|:l(y| 1)

This simplifies to

n 26’62
T=5"(y. —nu)*>|nin| 2L |—Ink | =2°L _¢,
z|=1(y| l"’) |: (G J :|012 _Gg

0

which is to say we should reject if the statistic T is large. To find a rejection region of
size a, note that

T > (Yi-p)’

— =“———— has a chi-square distribution with n degrees of freedom. Thus, the

CF Oy
most powerful test is equivalent to the chi—square test, and this test is UMP since the RR
is the same for any o} > o;.

10.95 a. Totest Ho: 6 = 09 vs. Ha: 0 =0,, 09 < 04, the best test is

LO) _(0,) [ (1 1)
L(ea)_[eoj { (60 ea]zi_lyi}k.
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10.96

This simplifies to

12 -1
0 1 1
1oy S| | L1 e
z|:ly' n (9 j |:60 0 :|

so Hy should be rejected if T is large. Under Hy, Y has a gamma distribution with a shape
parameter of 3 and scale parameter 6. Likewise, T is gamma with shape parameter of 12
and scale parameter 0y, and 2T/6, is chi—square with 24 degrees of freedom. The critical
region can be written as

4
22N 2
eO e0 e0
where ¢; will be chosen (from the chi—square distribution) so that the test is of size a.

C,

b. Since the critical region doesn’t depend on any specific 6, < 6y, the test is UMP.

a. The power function is given by power(0) = J.l Oy*'dy =1-.5°. The power function is
graphed below.

1.0

power

0.4

T T T T T T
0 2 4 6 8 10

b. To test Hy: 0 =1 vs. Ha: 0 = 04, 1 < 0,, the likelihood ratio is
L(1) _ 1e <k,
L®, 06,y™

This simplifies to
1

1 )o-!
> — =c,
Y71 0.k

where C is chosen so that the test is of size a. This is given by
P(Y2clo=1)=[ dy=1-c=a,
so that c =1 —a. Since the RR does not depend on a specific 0, > 1, it is UMP.



Chapter 10: Hypothesis Testing 219
Instructor’s Solutions Manual

10.97 Note that (N, N2, N3) is trinomial (multinomial with k = 3) with cell probabilities as
given in the table.
a. The likelihood function is simply the probability mass function for the trinomial:

L(0) = {
nl 2 3
b. Using part a, the best test for testing Hop: 6 = 0y vs. Ha: 6 = 0,, 09 < 03, is

2n;+n, n,+2n;,
LO) _[ 8 126017
L®,) |8, 1-6, '

Since we have that n, + 2n; = 2n — (2n; + ny), the RR can be specified for certain
values of S=2N; + N,. Specifically, the log—likelihood ratio is

sln£9—°j+(2n—s)1n[l_e°j<1nk,
0, -0,
1-0 0.1-0)\]"
s>|Ink=2nln| —2 ||x| In M =C
) 0,(1-0,)

So, the rejection region is given by {S =2N, +N, > c}.

j@zn‘ [26(1 —9)]nz (1-0)",0<0<1,n=n;+ny+n;.

or equivalently

c. To find a size a rejection region, the distribution of (N;, N, N3) is specified and with

S=2N; + N, a null distribution for S can be found and a critical value specified such
that P(S>c | 0p) = a.

d. Since the RR doesn’t depend on a specific 0, > 0y, it is a UMP test.

10.98 The density function that for the Weibull with shape parameter m and scale parameter 0.
a. The best test for testing Hp: 6 = 0y vs. Ha: 6 = 0,5, where 0y < 0,, 1s

LO) _(0a) ) (1 _1)§w o
L(ea)_(eoj exp{ (90 ea]ZHyi :|<k9

This simplifies to

-1
Zn yi" > - Ink +nln O | Lo L =C.
0, ) [0, o,

So, the RR has the form {T = ZLYim > C}, where ¢ is chosen so the RR is of size a.

To do so, note that the distribution of Y™ is exponential so that under H,
n
o _ 22 2

0, 0, 0,
is chi—square with 2n degrees of freedom. So, the critical value can be selected from
the chi—square distribution and this does not depend on the specific 8, > 0y, so the test

is UMP.
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b. When Hy is true, T/50 is chi-square with 2n degrees of freedom. Thus, ¥ 3, can be

selected from this distribution so that the RR is {T/50 > y 3.} and the test is of size o
=.05. If Ha is true, T/200 is chi—square with 2n degrees of freedom. Thus, we
require

B=P(T/50<y3, |10=400)=P(T /200 <1y, 10=400)=P(y’> <1yx3,)=.05.
Thus, we have that 1y %, =%>,. From Table 6 in Appendix III, it is found that the
degrees of freedom necessary for this equality is 12 =2n, so n = 6.

10.99 a. The best test is
T

L(ho) [ A

— 2 = 2| exp|n(A. =X, )<k,

) (21 el )
where T = Zin=1Yi . This simplifies to

Ink —n(x, -%,)
In(x, /2, )

and c is chosen so that the test is of size a.

b. SinceunderHy T = ZLYi is Poisson with mean nA, € can be selected such that
P(T>c|A=Xk)=o0.

c. Since this critical value does not depend on the specific A4 > Ao, so the test is UMP.

d. It is easily seen that the UMP test is: reject if T <k'.

10.100 Since X and Y are independent, the likelihood function is the product of all marginal
mass function. The best test is given by

L 25 exp(—2m —2n)
L, (1) 3™ exp(-m/2-3n)
This simplifies to

= 4 (%)Zy‘ exp(-3m/2+n)<Kk.

(In4)>" %, +In(2/3)> " y, <K/,

and k' is chosen so that the test is of size a.

10.101 a. To test Hy: 0 = 0¢ vs. Ha: 6 = 05, where 04 < 0o, the best test is

L6 (82 o (L _ L)y
L(eaf(eoJ exp{ (90 ean‘ly‘}k'

Equivalently, this is
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> y.{nln[g ]+lnk:| {é_eﬂl:c’

and c is chosen so that the test is of size a (the chi—square distribution can be used — see
Ex. 10.95).

b. Since the RR does not depend on a specific value of 0, < 0y, it is a UMP test.

10.102 a. The likelihood function is the product of the mass functions:

L(p)=p™ (1-p)" ™.
1. It follows that the likelihood ratio is

f n-3y; 2y n
L(P,) _ ™ (1= p))"™ =(po(l— pa)j y (1— poj _
L(p.)  p. " (1-p)"™ (p(1-py)) (1-p,
ii. Simplifying the above, the test rejects when

pa) l_po
ley, (pa( po)j nln(—l_pa]<lnk.

Equivalently, this is
-1
I B A e
" 1_pa pa(l_po)

i11i. The rejection region is of the form { z:zl y, >C}.

b. For a size a test, the critical value C is such that P(Z:in:lYi >c|p,)=oa. Under Hy,

Z::lYi is binomial with parameters n and po.

c. Since the critical value can be specified without regard to a specific value of p,, this is
the UMP test.

10.103 Refer to Section 6.7 and 9.7 for this problem.
a. The likelihood function is L(0) =07"1,,(y,). To test Ho: 6 = 0p vs. Ha: 0 = 04,
where 0, < 0y, the best test is
@:[e_aj” oo, V) _
LO) 8y ) oo, (Yiny)
So, the test only depends on the value of the largest order statistic Y(,), and the test
rejects whenever Yy is small. The density function for Yy is g,(y)=ny"'0™", for
0 <y <86. For a size a test, select ¢ such that
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n

o=P(Y,, <c|0=6,)=[ny""6;"dy = ;—
0

n°
0

s0 ¢ =00, So, the RR is {Y(n) < 0pa'"}.
b. Since the RR does not depend on the specific value of 0, < 8y, it is UMP.

10.104 Refer to Ex. 10.103.
a. Asin Ex. 10.103, the test can be based on Y. In the case, the rejection region is of
the form {Y > c}. For a size a test select ¢ such that

0, n
o =P(Y,, >c|0=0,)= [ny"'6;"dy =1—g—n,

0
s0C=0(1 —a)'™

b. Asin Ex. 10.103, the test is UMP.
c. Itis notunique. Another interval for the RR can be selected so that it is of size a
and the power is the same as in part a and independent of the interval. Example:

choose the rejection region C = (a,b) U (6,,%), where (a,b) = (0,0,). Then,

a=P(a<Y, <bl6,)=" 2"
e0
The power of this test is given by
P@ <Yy <b[0.)+P(¥y >0, [6,)= b e_na + eae_neo :(oc—l)g_gﬂ,

which is independent of the interval (a, b) and has the same power as in part a.

10.105 The hypotheses are Ho: 6* = o, vs. Ha: o’ > o;. The null hypothesis specifies
Q, ={c”:6° =c,}, so in this restricted space the MLEs are (i =Y, .. For the
unrestricted space Q, the MLEs are [1 =y, while

62 = max{cgyﬁzr_l(yi — y)Z} .

The likelihood ratio statistic is

_L(©y) :(6_2 j exol > -y N > -y |

L) \o; 20; 267

A

If 6 =c;,A=1. If 6" > o,
/2

L L@y _ > =Y exp_zi_l(yi—y) N

L(Q) nc: 262 2

b

and H is rejected when A < k. This test is a function of the chi—square test statistic
x> =(n—1)S? /o] and since the function is monotonically decreasing function of Xz’
the test A < k is equivalent to y* > ¢, where C is chosen so that the test is of size a.
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10.106 The hypothesis of interest is Hy: p; = p2 = p3 = psa = p. The likelihood function is

10.107

10.108

Lm =1 [ Jp.y-(l P

Under H, it is easy to verify that the MLE of pis p = z; y;/800. For the
unrestricted space, P, =Y, /200 fori=1,2, 3, 4. Then, the likelihood ratio statistic is

% 2y, - & 8002y,
800 800

Vi 200-y;
T [yj [1_vij
i={ 200 200

Since the sample sizes are large, Theorem 10.2 can be applied so that —2InA is
approximately distributed as chi—square with 3 degrees of freedom and we reject Hy if

—2Ini > X.205 =7.81. For the data in this exercise, y; = 76, Y, = 53, y3 =159, and y4 = 48.

Thus, —2InA = 10.54 and we reject Hy: the fraction of voters favoring candidate A is
not the sample in all four wards.

Let Xy, ..., Xpand Yy, ..., Y denote the two samples. Under Hy, the quantity
2 X=X+ (G =Y)  (n-DS? +(m-DS;

2 2
Gy Gy

V =

has a chi—square distribution with n + m — 2 degrees of freedom. If H, is true, then both
S; and S; will tend to be larger than Gé Under Hy, the maximized likelihood is

1
(Q ) (2 )n/2 n p(_%V).
In the unrestricted space, the likelihood is elther maximized at 6y or 65. For the former,
I-(Q )

the likelihood ratio will be equal to 1. But, fork <1,

<konlyif 6=0,. Inthis

ST SREN PEE REA

L) (o, St
which is a decreasing function of V. Thus, we reject Hy if V is too large, and the
rejection region is {V > y2 }.
The likelihood is the product ofalln=n; +n, + n; normal densities:
— X 1 n (yimw P N3 Wi_SZ}

L(©)= b exp A 0 (5 f 37 (o f a3 (o)
a. Under H, (unrestricted), the MLEs for the parameters are:

fi, =X, =Y, 0, =W,5] =L3" (X, - X)*, 63, &7 defined similarly.

Under Hy, 67 =63 =6 =o” and the MLEs are

case,
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n6; +n,6; +n,63
n
By defining the LRT, it is found to be equal to

) nl/Z(,\z)nz/Z(,\z)n3/2
}\’z(Gl) O, O
) n/2 °
O

b. For large values of ny, n,, and n3, the quantity —2InA is approximately chi—square
with 3—1=2 degrees of freedom. So, the rejection region is: —2InA > 5, =5.99.

f, =X 0, =Y, 0, =W,&" =

10.109  The likelihood function is L(®) = emle" exp[— (Z X /0, + 3y, /ez)].

a. Under Hy (unrestrlcted) the MLEs for the parameters are:
6 =X, 6 =Y.
Under Hy, 6, =0, =0and the MLE is
6=(mX +nY)/(m+n).
By defining the LRT, it is found to be equal to
xmy”"

(m)@-n? )m+n
m+n

7\/:

b. Since 222 , X; /0, is chi-square with 2m degrees of freedom and 22::1Yi /0, 1s

chi—square with 2n degrees of freedom, the distribution of the quantity under Hy
(22_"‘ X, 16)
i (22 Y /o)
i=1 !
2n
has an F—distribution with 2m numerator and 2n denominator degrees of freedom.
This test can be seen to be equivalent to the LRT in part a by writing
)TmY_n |-m7+n7 mX +n m
A= (m)?+n\7)m+n = L)?z(mﬂr) Ly (xm+rT):|» = [m+n F(m+n)} [m+n F+ m+n

=<|| x|

m+n
So, A is small if F is too large or too small. Thus, the rejection region is equivalent
to F > ¢, and F < ¢, where C; and C; are chosen so that the test is of size o.

10.110 This is easily proven by using Theorem 9.4: write the likelihood function as a function
of the sufficient statistic, so therefore the LRT must also only be a function of the
sufficient statistic.

10.111 a. Under Hy, the likelihood is maximized at 6y. Under the alternative (unrestricted)

hypothesis, the likelihood is maximized at either 0 or 6,. Thus, L(f)o) =L(6,) and
L(C2) = max{L(6,),L(0,)}. Thus,

L) _ L(8,) _ I

L)  max{L(6,).L(6,)} max{L L(6,)/L(6,)}
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b. Since max L L(éa VL = min{l, L(6,)/L(6,)}, we have A <k < I if and only if

L(6,)/L(6,) <k.

C. The results are consistent with the Neyman—Pearson lemma.

10.112 Denote the samples as X,...,X,and Y ,....,Y, , where n=n; +n,.
Under H, (unrestricted) the MLEs for the parameters are:

=X,0,=Y,6 (Z (X; = X)? +Z (Y, Y))
Under Ho, p, =u, =pand the MLEs are

= 2 1S (X ) Y (Y ).

By defining the LRT, it is found to be equal to

~2
Gy

,\"/2 .
7»=[G ] <k, or equivalently reject if {G J>k'
G

Now, write

Do X =7 =3 (X = X X =) = 30 (X = X)T 4 (X =),

D =) =30 (=Y Y )T =30 (Y =) 0, (V- )
and since fi=""X +2Y , and alternative expression for &, is

D 6 =X+ 2 (Y =Y )T 2 (XY
Thus, the LRT rejects for large values of
Lo (X =Y)*
2 O =X+ DY =Y’
Now, we are only concerned with p; > 1, in Ha, so we could only reject if X —Y > 0.
X-Y

JZ 0630 3 0 Y

This is equivalent to the two—sample t test statistic (6> unknown) except for the
constants that do not depend on the data.

Thus, the test is equivalent to rejecting if is large.

10.113 Following Ex. 10.112, the LRT rejects for large values of
(X-Y)?
D (X =X) 4 3 (Y =Y )
Equivalently, the test rejects for large values of
X-¥]

I X =504 30 Y, =V

nn,
I+
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10.114

10.115

10.116

This is equivalent to the two—sample t test statistic (o> unknown) except for the
constants that do not depend on the data.

Using the sample notation Y, , ..., Y, .Yy, ..., Y5, 5 Y50, 000 Y5, withn=n; +ny +ns, we

In, »

have that under H, (unrestricted hypothesm) the MLEs for the parameters are:
R N X e D]

Under Hy, pu, =p, =p; =psothe MLEs are

3 n; Y. +1.Y, +n.Y-
N1 i _nY Y, +n5Y; A —L z Z
- nZiZIijlYij - n > “n i=1 j= 1( ij “)

Similar to Ex. 10.112, ny defining the LRT, it is found to be equal to

t)

2

n/2 ~2
k:(? j <k, or equivalently reject if (G J>k'
G, G

In order to show that this test is equivalent to and exact F test, we refer to results and
notation given in Section 13.3 of the text. In particular,
=SSE
né; = TSS =SST + SSE
Then, we have that the LRT rejects when
TSS SSE+SST 14 SST 14 MST ,

SSE  SSE SSE MSE "

where the statistic F = MST = SST/2 has an F—distribution with 2 numerator and

MSE SSE/(n-3)
n—-3 denominator degrees of freedom under Hy. The LRT rejects when the statistic F is
large and so the tests are equivalent,

L+1+F 52>k,

a. True

b. False: Hy is not a statement regarding a random quantity.

c. False: “large” is a relative quantity

d. True

e. False: power is computed for specific values in H,

f. False: it must be true that p—value < a

g. False: the UMP test has the highest power against all other a—level tests.
h. False: it always holds that A < 1.

I. True.

From Ex. 10.6, we have that

power(p)=1—-B(P)=1-P(Y-18/ <3 |p)=1-P(15<Y <21 |p).
Thus,
power(.2) =.9975 power(.3) =.9084 power(.4) =.5266
power(.5) =.2430
power(.6) =.9975 power(.7) =.9084 power(.8) =.5266
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A graph of the power function is above.

a. The hypotheses are Ho: 11 — po = 0 vs. Ha: pp — o # 0, where p; = mean nitrogen
density for chemical compounds and 1, = mean nitrogen density for air. Then,

sp = OB — 000001064 and [t] = 22.17 with 17 degrees of freedom. The p—
value is far less than 2(.005) = .01 so Hy should be rejected.

b. The 95% CI for p; — py is (—.01151, —.00951).
c. Since the CI do not contain 0, there is evidence that the mean densities are different.
d. The two approaches agree.

The hypotheses are Ho: 1 — p2 = 0 vs. Ha: 1y — p <0, where p; = mean alcohol blood
level for sea level and p, = mean alcohol blood level for 12,000 feet. The sample
statistics are 'y, =.10, s, =.0219, y, =.1383, s, =.0232. The computed value of the
test statistic is t =—2.945 and with 10 degrees of freedom, —t ;0 =—1.383 so Hj should be
rejected.

a. The hypotheses are Hy: p = .20, Ha: p > .20.
b. Let Y = # who prefer brand A. The significance level is
a=PY>92|p=.20)=P(Y>91.5|p=.20)=P(Z> 232)=P(Z> 1.44) = .0749.

Let u = mean daily chemical production.

a. Ho:pn=1100, Ha: p < 1100.

b. With .05 significance level, we can reject Hp if Z <—1.645.

c. For this large sample test, Z=—1.90 and we reject Hy: there is evidence that
suggests there has been a drop in mean daily production.

The hypotheses are Hy: 1 — po = 0 vs. Ha: g — po # 0, where py, p, are the mean
breaking distances. For this large—sample test, the computed test statistic is
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10.122

10.123

10.124

10.125

10.126

17| = |118-109]
102 87
10287

64 64

the null hypothesis: the mean braking distances are different.

=5.24. Since p—value = 2P(Z > 5.24) is approximately 0, we can reject

a. To test Ho: 67 = o3 vs. Ha: 6] > o3, where o}, o, represent the population
variances for the two lines, the test statistic is F = (92,000)/(37,000) = 2.486 with 49
numerator and 49 denominator degrees of freedom. So, with F ¢s = 1.607 we can reject
the null hypothesis.

b. p—value = P(F > 2.486) = .0009
Using R:

> 1-pF(2.486,49,49)

[1] 0.0009072082

a. Our test is Ho:6; = o3 vs. Ha: 6] # G5, where G, G, represent the population
variances for the two suppliers. The computed test statistic is F = (.273)/(.094) = 2.904
with 9 numerator and 9 denominator degrees of freedom. With a =.05, F s =3.18 so
Ho is not rejected: we cannot conclude that the variances are different.

b. The 90% Cl is given by (9('094) 9('094)) = (.050, .254). We are 90% confident that the

16.919 2 3.32511
true variance for Supplier B is between .050 and .254.

The hypotheses are Ho: 1; — o = 0 vs. Ha: iy — 1o # 0, where py, W, are the mean
strengths for the two materials. Then, Sf) =.0033 and t= % =9.568 with 17
.0033| —
9

degrees of freedom. With a = .10, the critical value is tys = 1.746 and so Hy is rejected.

a. The hypotheses are Hy: pa — g = 0 vs. Ha: pa — us # 0, where pa, 1 are the mean
efficiencies for the two types of heaters. The two sample means are 73.125, 77.667,

and sf) =10.017. The computed test statistic is L{Zfa =-2.657 with 12 degrees of
10.017| —+—
8 6
freedom. Since p—value =2P(T > 2.657), we obtain .02 < p—value < .05 from Table 5
in Appendix III.

b. The 90% CI for pua — pg is
73.125-77.667 i1.7821/10.017i§+ %) =-4.542 + 3.046 or (-7.588, —1.496).

Thus, we are 90% confident that the difference in mean efficiencies is between —7.588
and —1.496.

a. SE(0) =4V (0) = JaV(X)+aV(Y)+a V(W) =i+l

b. Since 0 is a linear combination of normal random variables, 0 is normally
distributed with mean 6 and standard deviation given in part a.
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c. The quantity (n, +n, +n;)S? /o is chi-square with nj+ny+n; — 3 degrees of freedom
and by Definition 7.2, T has a t—distribution with n;+n,+n; — 3 degrees of freedom.

d. A 100(1 — a)% CI for 0 is 0+ t,2S, f]—‘lz + i—fz + % , Where t,; is the upper—o/2 critical

value from the t—distribution with n;+n,+n;— 3 degrees of freedom.

. 6-0 o
e. Under Hy, the quantity t = ( - ‘Z)) = has a t—distribution with ny+n,+n; — 3
S a 4, 3 a8
Py m N n;

degrees of freedom. Thus, the rejection region is: [t| > ty.

Let P=X+Y —W. Then, P has a normal distribution with mean p; + p, — p3 and
variance (1 +a + b)o®. Further, P = X +Y —W is normal with mean p + 2 — ps and
variance (1 + a + b)o?/n. Therefore,

7 - P—(p+1, — 1)

o (l+a+b)/n

is standard normal. Next, the quantities

Zin:l(xi -X’ Zinzl(Yi -Y)? Zin:1(\Ni ~-W)’
2 ) -

M

c c bo’
have independent chi—square distributions, each with n — 1 degrees of freedom. So,
their sum is chi—square with 3n — 3 degrees of freedom. Therefore, by Definition 7.2,
we can build a random variable that follows a t—distribution (under Hy) by
Pk

S,\(I+a+by/n’
where S2 = @;(xi XY T (=YY (W W )2)/(3n —3). For the test,

we reject if [t| > t s, where t 25 is the upper .024 critical value from the t—distribution
with 3n— 3 degrees of freedom.

The point of this exercise is to perform a “two—sample” test for means, but information
will be garnered from three samples — that is, the common variance will be estimated
using three samples. From Section 10.3, we have the standard normal quantity

7 - )T_Y__(H'l —U,)
O\ o
As in Ex. 10.127, @L(xi XY Y=Y Y W, —\/\_/)2) o’ has a chi—
square distribution with n;+n,+n; — 3 degrees of freedom. So, define the statistic

S2 =(Zi";(><i XYY =YY W, —VV)z)/(nl +n, +n, —3)
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10.130

X=Y —(u, —u,)
Spit+L

n N,

and thus the quantity T = has a t—distribution with n;+ny+n; — 3

degrees of freedom.
For the data given in this exercise, we have Hoy: py — o = 0 vs. Ha: 1y — i # 0 and with

Sp = 10, the computed test statistic is |t| = 100 — 3 326 with 27 degrees of freedom.

10, 2
10

Since t s = 2.052, the null hypothesis is rejected.

The likelihood function is L(®)=6," exp[—Z:in:l(yi —-0,)/0,]. The MLE for 0, is
é2 =Y, To find the MLE of 6;, we maximize the log-likelihood function to obtain
él = %Zin:l (Y, - éz) . Under Hy, the MLE:s for 0, and 6, are (respectively) 0, and

0, =Y, as before. Thus, the LRT is

- L(QO) _ (i] exp[ Zi:l(yi —Yu) N Zi:l()ii - y(l))]

L) (6, 0, 0,

ne1,0 e1,0

Values of A <k reject the null hypothesis.

Following Ex. 10.129, the MLEs are él = ﬁzin:l (Y, - éz) and é2 =Y. Under Hy, the

MLE:s for 6, and 6, are (respectively) 6, and ého = %Zin:l (Y, - 92’0) . Thus, the LRT is
given by

- L(€2,) _[ 0, J exp{ Zizl(}/i —0,,) N Zizl()ii - y(l))] _ zizl(Yi —Yu) '

L(Q) 0., 6, Zinzl(yi -0,,)

610
Values of A <k reject the null hypothesis.



