EXTRA CREDIT: Chi-Square Historical Example

Source: Labby, Z. (2009). Weldon’s dice, automated. CHANCE, 22(4), Fall 2009.
Another article discussing this data can be found at http://www.jstor.org/stable/2684294?seq=2

On February 2, 1894, Walter Frank Raphael Weldon wrote a letter to Francis Galton reporting the results of 26306 rolls of
12 dice. Weldon conducted his experiment to, “judge whether the differences between a series of group frequencies and
a theoretical law, taken as a whole, were or were not more than might be attributed to the change fluctuations of random
sampling.”

In his experiment, Weldon rolled 12 dice and recorded the number of dice showing 5 or 6 dots. Thus, a die showing a 5 or
6 was defined to be a success. After recording the number of successes, Weldon repeated the process until he had rolled
the 12 dice a total of 26306 times.

1. Before we look at the data, let’s calculate some simple probabilities. If we roll one fair die, what’s the probability we
see 5 or 6 dots on that die?

2. 0Ok, that one was simple. These next probabilities, while still simple, require that you remember something basic from
MATH 300. If we roll 12 fair dice, what’s the probability we see no dice showing a 5 or 6? What’s the probability we
see exactly 1 die showing a 5 or 6? Calculate the probabilities and write them into the following table (under the P(#
of successes) column).

Number of successes

(# of dice showing 5 or 6 suz:s(:fes) Threeosrueliiscal O?Z:JI‘::d
dots)

0 185
1 1149
2 3265
3 5475
4 6114
> 5194
6 3067
/ 1331
8 403
9 105
10 14

11 4

12 0

SUM 1.00 26306 26306



You should have calculated the probability of observing no dice showing 5 or 6 dots to be 0.007707. Now that you
have those probabilities, calculate the numbers for the theoretical results column. This column represents the
number of times (out of our 26306 trials) that we should have observed each result. Write these results into the table
on the previous page. What assumption(s) are we making in calculating these theoretical results?

Weldon’s actual results are displayed under the “observed results” column of the table. Obviously, the observed
results do not match our theoretical results. 1'd like to ask, “Why don’t the observed results match the theoretical

results?” but | know that question is too easy for you. | know you would say, “Either the dice are not fair or the
results differ due to random sampling error.”

From our activities in class, we know how to conduct a Chi-Square goodness-of-fit test on this data to determine if the
observed results differ significantly from the theoretical results. Conduct this test, report your calculated Chi-Square
test statistic, and estimate the p-value. Briefly write any conclusions you can make from your results

You should have found that the observed results differ significantly from the theoretical results. One proposed
explanation is that the dice used in Weldon’s experiment were cheap. Most inexpensive dice have hollowed-out pips
representing the dots. Since opposite sides on a die have to add to 7, the side showing 5 or 6 would be lighter than
the side showing 1 or 2 dots. Thus, we may expect 5s and 6s to appear slightly more frequently than expected. Is this
explanation supported by the results you’ve calculated in the previous questions?



Let’s suppose each die *is* slightly more likely to show 5 or 6 dots. If that’s the case, how can we calculate the
probability of one die showing a 5 or 6? When we could assume the dice were fair, it was easy to calculate:
P(die shows 5 or 6) = 1/3. Now, with our extra knowledge about cheap dice, how can we estimate the probability?

One way we could estimate this probability is by using Weldon’s observed results.

Since Weldon rolled 12 dice in each of his 26306 trials, we know he rolled a total of 12x26306 = 315,672 dice. We
would like to know how many of these 315,672 dice showed 5 or 6 dots.

The numbers in the “observed” results column represent the number of times he saw 0, 1, 2, ..., or 12 dice (out of 12
possible) showing 5 or 6 dots. The numbers do not directly represent the number of dice showing 5 or 6 dots. Using
the observed results in the table, find a way to calculate the total number of dice (out of 315,672) showing 5 or 6
dots.

Now use your result from the previous question to estimate the probability of one die showing a 5 or 6. Using this
probability, we can now come up with new theoretical results for the experiment. Calculate these theoretical results
and write them into the table below.

Note: The rows for 10, 11, and 12 successes have been combined (“binned”) into a single row (“bin”) called, “10, 11,
or 12.” When conducting a chi-square goodness-of-fit test, you should combine groups like this so that every bin has
a theoretical frequency of at least 4.

Number of successes P(# of Theoretical Observed
(# of dice showing 5 or 6 dots) successes) results results
0 0.00712 187 185
1 1149
2 3265
3 5475
4 6114
5 5194
6 3067
7 1331
8 403
9 105
10, 11, or 12 .000612 16 18

SUM 1.00 26306 26306



8. From the results on the previous page, conduct a chi-square goodness-of-fit test and briefly write any conclusions you
can make.



